Utilizing results on the cosmology of anomalous discrete symmetries we show that models of spontaneous CP violation can in principle avoid the domain wall problem first pointed out by Zel'dovich, Kobzarev and Okun. A small but nonzero θ QCD explicitly breaks CP and can lift the degeneracy of the two CP conjugate vacua through nonperturbative effects so that the domain walls become unstable, but survive to cosmologically interesting epochs. We explore the viability
of spontaneous CP violation in the context of two Higgs models, and find that the invisible axion solution of the strong CP problem cannot be implemented without further extensions of the Higgs sector.
Since the ground-breaking experiments on K 0 -decay in the 1960's, it has been recognized that the weak interaction violates CP invariance (and thus, assuming CPT, T as well) [1] . Nevertheless, in the intervening three decades the mechanism responsible for (flavor non-diagonal) CP violation has not yet been conclusively elucidated. Moreover, the recognition that weak CP violation is communicated to the strong interaction via the QCD axial anomaly has confused the issue further-especially with the lack of any observable electric dipole moments for the neutron and electron.
A very simple possibility is that CP invariance is spontaneously broken in conjunction with the breaking of other continuous global and/or gauge symmetries. T.D. Lee [2] was the first to point out that this mechanism is indeed possible through a complex vacuum expectation value (VEV) of Higgs fields in a two Higgs doublet model of the SU L (2) × U Y (1) electroweak interaction. His model gives rise to a flavor-changing neutral Higgs boson exchange accompanied by the spontaneously broken CP invariances. This leads to, for example, ∆S = 2 interactions at the tree level.
In order to suppress flavor-changing neutral Higgs exchange interactions [3] , Weinberg [4] proposed a class of multi-Higgs models. In this case, CP invariance may be broken either spontaneously through complex Higgs VEVs or explicitly through complex-valued Higgs self-coupling constants (or both). Complex valued VEVs can also result naturally in theories without fundamental Higgs particles. For example, in technicolor models, a complex-valued vacuum misalignment [5] of techniquark bilinear condensates [6] can occur at the electroweak scale.
Of course, the simplest model of explicit CP breaking through the Higgs couplings resulting in the Cabbibo-Kobayashi-Maskawa (CKM) mass matrix is in good agreement with current CP violation phenomonology. Nevertheless the idea that one might be forced beyond this minimal model has been revived with the recognition that the baryon number of the universe might be generated non-perturbatively at temperatures characteristic of the weak symmetry breaking scale, i.e. the electroweak baryogenesis scenario [7] . In this case, it has been claimed that new sources of CP violation, beyond that embedded in the CKM mass matrix, will be required.
In fact, the most serious argument against spontaneous CP violation probably comes from cosmology. In a seminal paper, Zel'dovich, Kozbarev and Okun [8] first pointed out that spontaneously breaking of a discrete symmetry such as CP in the early universe results in the formation of domain walls during the phase transition associated with the symmetry breaking. Since these domain wall's total mass is proportional to σR 2 (t), where σ denotes the domain wall mass per unit area and R(t) denotes the cosmic scale factor, their energy density scales as ≈ 1/R(t). In this case, the energy density of domain walls can quickly come to dominate energy density in matter and radiation, which scale as 1/R(t) 3 and 1/R(t) 4 respectively.
One possible way out of a domain wall dominated universe is to assume that the symmetry breaking scale is set higher than the scale at which inflation may occur so that domain walls are diluted away during an inflatinary era. In this case, feeding down CP violation to the low-energy physics world requires some clever model building [9] . On the other hand, if we prefer the scale of CP violation to be near the electroweak scale for the purposes of baryogenesis, or to explore possible new experimental signatures at current or future accelerators, this solution of the domain wall problem is not available.
In this paper, we point out that because the discrete CP symmetry is anomalous due to the QCD axial anomaly, nonperturbative communication between the fermion-Higgs sector and the QCD sector leads to a tiny but cosmologically significant splitting of the CP conjugate vacuum degeneracy, if we assume a small but nonzero θ QCD (notθ = θ QCD + C 2 (R)ArgdetM)
1 .
Therefore, as has been shown for such anomalous discrete symmetries [10] , one can avoid the Zel'dovich et al.cosmological domain wall problem. In the following, we will illustrate this mechanism through a simplified model of spontaneous CP breaking of two Higgs doublets. However, the same mechanism should apply to more realistic models.
Let us start with Lee's model [2] of two Higgs doublets that conserves flavor. Neutral flavor conservation (NFC) is achieved, for example, by imposing Glashow-Weinberg's Z 2 discrete symmetry
1 Note that most models of spontaneous CP breaking at high energy scales [9] were previously designed so thatθ = 0 at tree level. 
and
We assumed that the above terms are CP-invariant and thus all the coupling constants are purely real-valued. As the electroweak symmetry is broken by the vacuum expectation values, < φ 1 > = 0, < φ 2 > = 0, the GlashowWeinberg discrete symmetry is also spontaneously broken. Therefore cosmologically dangerous Z 2 domain walls arise at the phase transition. However, this Z 2 discrete symmetry is anomalous due to nonperturbative QCD effects [10] . In other words, the QCD instantons induce an effective local operator involving 2N f quark flavors. This operator is odd under the Glashow-Weinberg Z 2 discrete symmetry, which is thus explicitly broken. Preskill et al.found that the cosmological domain wall problem can disappear due to this nonperturbative violation of the Z 2 symmetry. Note that these arguments remain valid irrespective of whether the CKM matrix is chosen to be real or not.
Alternatively, one may resort to an explicit but small breaking of the Glashow-Weinberg Z 2 discrete symmetry by adding the following terms
This will solve the cosmological domain wall problem associated with the Glashow-Weinberg's discrete symmetry, without resorting to the QCD anomaly. In addition, CP remains a manifest symmetry of the Lagrangian. (This may also result in potentially unacceptable flavor changing neutral-Higgs currents. In the context of this toy model, however, we will not concern ourselves about this problem. Phenomenologically viable two Higgs doublet model [11] or models with a richer Higgs structure can presumably avoid it.)
However, a new domain wall problem apparently results in this case. With the additional terms, CP is spontaneously broken. This is because, after the spontaneous electroweak symmetry breaking,
in which the relative phase angle is
if we choose λ 5 > 0. As long as either one of ξ and ξ ′ is nonzero, spontaneous weak-CP nonconservation arises. Since weak CP is spontaneously broken, a new kind of domain wall can result, which separates two CP conjugate worlds in the early Universe. Such domain walls are cosmologically dangerous.
The cure is, interestingly enough, connected with the QCD sector again, provided that a bare θ QCD is nonzero and small (this ugly feature is merely a restatement of the 'strong-CP' problem). After the two Higgs fields get VEVs as in Eq. At temperatures of the universe below the electroweak scale but well above Λ QCD , thermal suppression of QCD instanton effects renders the domain wall practically stable. The walls evolve and stretch out with expansion of the universe. As the temperature approaches Λ QCD , instanton effects turn on and yield a vacuum energy (in the zero temperature limit) of order
Under a CP transformation, θ QF D → −θ QF D . Therefore, the CP conjugate degenerate vacua are now split in energy density by an amount
Therefore, domain walls created at the electroweak phase transition begin to feel an energy difference between the two sides of the wall. This yields a non-zero pressure on the domain walls, and they begin to move as the false vacuum decays to the true vacuum [12] .
We can use the arguments of Preskill et al. [10] to estimate whether the above energy difference is enough for the domain walls to decay away before they start to dominate the energy density of universe. Reflections of relativistic particles off of the domain walls can result in an effective wall viscosity η ≈ T 4 at temperature T , producing a dragging pressure p ≈ T 4 v.
On the other hand, the curvature of the wall on a scale R(T ) produces a pressure ≈ σ R(T )
, which tends to straighten the wall. Here σ is the wall tension, which is roughly given by the mass per unit area of the wall. Thus, when the curvature induced pressure equals the viscous drag, irregularities on a given scale to be smoothed out, as long as the time scale associated with motion on a scale R(T ) is smaller than the Hubble time. One finds the critical straightening length scale
. This is the minimal length on which wall segments will straighten out. Since the wall energy density is ρ wall ≈ σ/R s (T ), use of this value for R s (T ) results in the largest value of wall energy which has to be dissipated, and thus also in the most conservative constraints on models. One finds
Thus, with a conservative value of the Higgs quartic coupling constant λ ≈ 10 −4 , the domain walls would start to dominate around T ≈ 300eV . At the nucleosynthesis scale, for example, the walls provide a negligible contribution to the total energy density of the universe.
Let us see when the vacuum energy difference is large enough to drive the walls from the true to the false vacuum regions. The walls quickly move to the speed of light once the pressure provided by the vacuum energy difference is larger than the viscosity ∆E vacuum ≥ T 4 . Assuming θ QCD ≈ θ QF D ≈ 10
and ∆E vacuum ≈ Λ QCD m u m d m s θ QCD θ QF D , this happens when
By the time the walls have reached the speed of light, the regions of false vacuum are quickly driven away. In fact, this could easily occur when the wall velocity is much slower. At the time they start to move, the mean spacing between walls could be a small fraction of the horizon size. Even assuming relativistic velocities are required, walls would be driven out before they start to dominate the energy density of Universe, as long asθ ≥ 10 −10−11 .
Note that the cosmological scales involved are quite interesting. These domain walls could remain in existence down to temperatures (i.e of O(KeV )) where present day galaxy sized regions first came inside the horizon. They might thus provide seeds for galaxy formation which might be relevant for large scale structure analyses. One should also point out that while the domain walls might contribute a small contribution to the total energy density at the time they decay, their disappearance could result in energetic particle production. This could have interesting effects including possibly alter light element abundances produced during big bang nucleosynthesis (BBN) (i.e. see [13] ). Because there are various possibilities, including photo-dissociation of deuterium and helium, and also energetic baryon production which might re-initiate some BBN reactions, one must investigate in detail the decay chain resulting from bubble wall collisions using explicit models for spontaneous CP breaking in order to make detailed predictions of what, if any effects there might be.
The main unattractive feature in all of this is our assumption thatθ is small, in the absence of any dynamical mechanism to make this so. Of course, a natural solution to this strong CP problem is obtained by introducing phenomenologically viable, invisible axions. One might hope that the introduction of a Peccei-Quinn mechanism might allowθ to start out large (so that the domain walls associated with spontaneous CP violation at the electroweak scale might be quickly removed) and that at a lower scale when axion mass effects turn on,θ can relax to zero. We find that this cannot be easily achieved however.
As pointed out by Preskill et al [10] , incorporating a Peccei-Quinn symmetry dynamically affects the cosmology of domain walls as discussed above. In the model introduced by Kim [14] , there is an extra coupling involving an electroweak singlet heavy quark and a singlet Higgs field
The weak isodoublet Higgs sector is largely unchanged, and spontaneous CP violation can be accomodated as discussed above. However, since the PecceiQuinn symmetry: Q R → e iθpq Q R ; Φ → e −iθpq Φ also suffers the same QCD anomaly as the discrete CP symmetry, one can find a linear combination of these two anomalous symmetries to yield a new discrete, but nonanomalous symmetry. (The other remaining anomalous continuous symmetry is the Peccei-Quinn symmetry, which can still solve the strong CP problem.) This symmetry then suffers the standard domain wall problem when it is spontaneously broken by the Higgs VEVs at the weak scale.
The other type of axion model due to Dine, Fischler and Srednicki and Zhitniskii (DFSZ) [15] is also problematic. They introduced a singlet scalar field Σ:
The Peccei-Quinn symmetry breaking < Σ >= v P Q gives rise to a term in the low-energy effective Lagrangian λ P Q v 2 P Q φ 1 φ † 2 + h.c.. However, the Higgs potential and Yukawa coupling in Eqs. (2-5) do not respect the Peccei-Quinn symmetry as long as any of λ 5 , ξ, ξ ′ remain nonzero. One would be required to set ξ = 0, and somehow fine tune λ 5 , ξ ′ → 0, while keeping their ratio fixed, in order for the terms leading to a possible spontaneous CP violation at the weak scale (see eq. (8)) not to also violently break the Peccei-Quinn symmetry. Thus, barring an apparently unnatural fine tuning, in the DFSZ axion model, it seems that the only viable option of CP violation is through the CKM mass matrix.
Are there extensions of the DFSZ axion models that accomodate spontaneous CP violation at the weak scale? Extensions involving either two isodoublets and two isosinglets or three isodoublets and one isosinglet one might still lead to non-trivial CP violating Higgs VEV phases without introducing extra non-anomalous discrete symmetries, or simultanously explicitly breaking the PQ symmetry. Extensions of Higgs sector beyond the two Higgs models are also necessary to be phenomenologically realistic (e.g. recall the problem of flavor changing neutral currents). Such extended models may have several new interesting features and are currently under study.
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